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Abstract 

In the framework of the power-counting renormalizable theory of gravitation, recently proposed 
by Hofava, we study the limit A — )• cxd, which is arguably the most natural candidate for the 
ultraviolet fixed point of the renormalization group flow. In the projectable version with dynamical 
critical exponent z = 3, we analyze the Friedmann-Robertson- Walker background driven by the so- 
called "dark matter as integration constant" and perturbations around it. We show that amplitudes 
of quantum fluctuations for both scalar and tensor gravitons remain finite in the limit and that 
the theory is weakly coupled under a certain condition. 
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I. INTRODUCTION 

A new theory of gravitation proposed recently by Hof ava []]] has been attracting significant 
interest. (See |2|, |3| for a review.) This theory, often called Hofava-Lifshitz (HL) gravity, is 
power-counting renormalizable thanks to the anisotropic scaling in the UV, 

t Ft, X bx, (1) 

with the dynamical critical exponent z > 3. 

The scaling ([1]) treats the time and the space in a different way. Hence, in order to 
realize this anisotropic scaling, the 4-dimensional diffeomorphism invariance cannot be a 
fundamental symmetry of the theory at high energy. Instead, the theory is invariant under 
the so-called foliation-preserving diffeomorphism: 

t^t'{t), x^x'{t,x). (2) 

Because of this symmetry, the time kinetic Lagrangian for gravitons is a linear combination 
of and K^^Kij, where is the extrinsic curvature of constant-time hypersurfaces and 
K = Kl. Thus, the corresponding terms in the gravitational action are 

/\/f2 r 

/<, 9 ^ / Ndt^d'x [K'^K,, - \K^) , (3) 

where A is a constant. In general relativity (GR) the 4-dimensional diffeomorphism invari- 
ance fixes the value of A to 1. On the other hand, in HL gravity, any value of A is consistent 
with the foliation-preserving diffeomorphism invariance. 

HL gravity includes not only two degrees of freedom of usual tensor graviton but also 
one extra degree of freedom, dubbed the scalar graviton. The nature of this scalar degree 
depends on the value of the parameter A. For 1/3 < A < 1, the scalar graviton has a wrong- 
sign time kinetic term (i.e. it is a ghost) and thus, this region is forbidden. For A < 1/3 
or A > 1, the scalar graviton has a positive time kinetic term but has a negative sound 
speed squared, = — (A — 1)/(3A — 1) < The condition under which the associated 

long-distance instability does not show up is Q 



U < — < max 

3A- 1 
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0.01 mm 



(4) 
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where k is the comoving momentum scale of interest, a is the scale factor, H is the Hubble 
expansion rate of the background cosmology, Mg is the energy scale at which the anisotropic 



scaling becomes important for the scalar graviton, and we have introduced the Newtonian 
potential $ by {k/aY $ ~ —p. Here, p is the energy density of the background. This 
condition essentially says that A must be sufficiently close to 1 in the infrared (IR). 

The condition (|4]) should be considered as a phenomenological constraint on properties 
of the renormalization group (RG) flow since A is subject to running under the RG flow 
and in general, should depend on k, H and $. This suggests that, in order for the theory 
to be phenomenologically viable, A = 1 should be an IR fixed point of the RG fiow and 
that A should approach 1 from above sufficiently quickly as the energy scale of the system 
is lowered. In this sense, A = 1 + is a candidate for the IR fixed point of the RG fiow. 
Since the interval l/3<A<lis forbidden, a natural candidate for the UV fixed point that 
is consistent with the arguments for the IR fixed point above, is A = +oo. 

The goal of this paper is to investigate some properties of the projectable version of the 
theory without detailed balance, in the vicinity of the expected UV fixed point, A = +oo. 
One might expect a loss of theoretical control in this limit since the coupling constant 
diverges. On the contrary, we show below that the theory is totally well-behaved and 
actually simpler in this limit. 

The rest of this paper is organized as follows. In Sec. [Tll we review the basic equations 
in HL gravity with projectability condition. In Sec. Illll we discuss the background evolution 
of a FRW geometry describing our local patch of the universe populated by a perfect fiuid. 
In Sec. HV] we discuss the dynamics of tensor and scalar perturbations around the FRW 
universe. We conclude with Sec. IVl where we summarize our results and discuss some of the 
standing issues. A simple system of a Lifshitz scalar in HL gravity is investigated in the 
Appendix [Aj 

II. HORAVA-LIFSHITZ GRAVITY: REVIEW AND BASIC EQUATIONS 

HL gravity, being a less restricted theory than GR, requires the temporal and spatial co- 
ordinates to be treated on different grounds. The theory itself is invariant under the so-called 
foliation-preserving diffeomorphism, which is a combination of global time reparametriza- 
tions and spatial diffeomorphisms, characterized by the following infinitesimal transforma- 
tions 

5t = f{t), 6x' = C{t,x). (5) 
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Due to the different scaling dimensions of time and space coordinates, the 4-dimensional 
spacetime metric is not a fundamental quantity. Instead, fundamental quantities in the 
HL gravity are the lapse function N{t), the shift vector N^{t,x) and the 3-dimensional 
spatial metric gij{t,x). It is still useful, at least at low energies, to combine them into a 
4-dimensional metric in the fashion of ADM [3], 

ds"^ = -N^ dt^ + g,j [dx' + N'dt) {dx^ + N^dt) . (6) 

Note that the shift vector A^* and spatial metric Qij depend on all four coordinates but 
that the lapse function is assumed to be a function of time only. The latter assumption, 
dubbed the projectability condition is consistent with the foliation preserving diffeomorphism 
in the sense that a projectable A^ is mapped to another projectable A^. 

Starting with the time kinetic action ([3]), the most general gravitational action that 
respects the symmetries of the theory can be constructed as 

Ig = ^ Ndt^d^x {K'^Ki, -\K^ -2K + R + L,>i) , (7) 

where 

K^, = ^ {g^, - D,N, - D,N,) (8) 

is the extrinsic curvature and its trace K is obtained with its contraction with the 3d 
induced metric. The broken Lorentz symmetry manifests itself as an arbitrary parameter A, 
which acquires the value 1 in GR. In the above action, we fixed the coefficient of the scalar 
curvature to unity by a choice of unit so that the Einstein-Hilbert action is reproduced in 
the IR limit with A — )■ 1. Finally, the part of the action denoted by Lz^i contains the higher 
spatial derivative terms and controls the UV behavior of the system. For definiteness, we 
will focus on the case with z = 3 scaling in the UV in the remainder of this paper. If the 
detailed balance is not enforced but if the spatial parity and time reflection symmetries are 
imposed, this choice allows spatial derivative terms up to sixth order as 
Mi 



'Pi 
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L,>i = (ci DiRjkD'W'' + C2 DiRD'R + csRlR^R^k + c^R^R] + c^R^) 

+ {c,RlR^ + cjR^) , (9) 



where Di is the covariant derivative with respect to the 3d metric and Cj are constants. 

The effect of matter on the dynamics is provided by the additional action term J^, which 
is also required to be invariant under the foliation-preserving diffeomorphism. 



By variation with respect to gij{t,x), we obtain the dynamical equation 
where 

c ^ 2 6Ig ^ 2 ^/n, _ ^ 

Note that the matter sector (as well as the gravity sector) should be invariant under spatial 
diffeomorphism (as a part of the foliation preserving diffeomorphism) and thus it makes 
sense to define Tij in general. The explicit expression for Sgij is given by 



Sgij — Mpi 



-Kpij + 2K^pkj + -gijK^'pki + i^^gij - 



Pij = - XKgij, (12) 



where Sz>iij is the contribution from L^^i and Gij is Einstein tensor of gij. 
Variation with respect to the shift N''{t,x) leads to the momentum constraint 

"Hgi + Hmi — 0, (13) 

where 

The only remaining equation is the Hamiltonian constraint, obtained by variation with 
respect to the lapse function N{t), 

Hg± + H^^ = 0, (15) 

where 



and 



= -^MK''P^J - A - - i^.>i)- (17) 



Here, we stress that due to the projectability condition, which restricts N to be only time 
dependent, the Hamiltonian constraint in HL gravity is a global one, in contrast to the local 
one in GR. 
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Just for comparison, in a Lorentz invariant theory, the energy-momentum tensor is defined 

as 

= ^ ^ , (18) 

and thus the matter terms in the constraints are expressed as 

HmL = j d'x^T^^^J^n^n^, Urm = (19) 

where we defined the 4-vector n'^ to be the unit vector normal to the constant-time hyper- 
surfaces, with 

d,^^ {dt - d,) . (20) 



III. FRW BACKGROUND 

A Friedmann-Robertson- Walker (FRW) metric, 

ds^ = -de + a{tf dx^ , (21) 

is supposed to describe the large-scale, overall behavior of the geometry in our local patch of 
the universe. Since the universe far outside the present horizon may be very different from the 
local universe inside the horizon, we should not expect the same FRW geometry to describe 
the whole spacetime including the region far outside our local patch Q. Nonetheless, in general 
relativity, since the Hamiltonian constraint is a local equation satisfied at each spatial point, 
it leads to a Friedmann equation applicable to our local patch of the universe. On the other 
hand, in HL gravity with the projectability condition, the Hamiltonian constraint is a global 
equation integrated over the whole space. For this reason, the Hamiltonian constraint in HL 
gravity does not tell anything useful about the "local" FRW geometry Sj. 

Therefore, in HL gravity with the projectability condition, we do not have a Friedmann 
equation applicable to our local FRW universe. Instead, we have the dynamical equation 
ffTOj) in the form 

''-''2H^3H^)^^. (22) 



^ This is in accord with the so called gradient expansion approach to super-horizon nonlinear cosmological 
perturbations 12| . 
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where, in accord with the "local" homogeneity and isotropy of the "local" FRW geometry, 
we have assumed that the stress tensor of matter is "locally" homogeneous and isotropic as 

Ti,=P{t)g,j n^i = 0. (23) 

For the same reason as why we do not have a Friedmann equation applicable to a "local" 
FRW universe, we do not have a conservation equation for the "locally" homogeneous and 
isotropic matter. Therefore, we define a quantity Q{t) byl^ 

P + 3H {p + P) = -Q, (24) 

where H = a/ a. Note that Q is generically nonzero at high energies. From Eqs. fl22l) and 
(12^ . one can find a generalized Friedmann equation 

3 M|i = p„dm" + P , (25) 



where 

1 r 9 /•* _ 1 

(26) 



P"dm" = 



+ Qit')<^\t')dt' , 

with Co an integration constant. The quantity P"dm" is the "dark matter as integration 
constant", associated with the lack of a local Hamiltonian constraint in HL gravity. See 

n 

ref. [8| for more general cases. 

Equation of motion of matter leads to conservation equation at least at low energy, 
provided that the local Lorentz invariance is restored in the matter sector as required by 
many experimental and observational data. In this case, we have Q — as a — )■ oo, and the 
integral part of Eq. (!26|) converges to a constant. Thus at low energy, the P"dm" component 
redshifts like nonrelativistic matter, or pressureless dust. 

Let us now consider the limit A — +oo. The dynamical equation ( 122|) is reduced to 

2H + 3H^ = 0, (27) 
and the generalized Friedmann equation (!25|) is greatly simplified as 

3 Mpi H"^ = piidm" , P"dm" = -J ■ (28) 



^ In HL gravity the projectability condition implies that we do not have to define a "local" energy density 
p. Nonetheless, just for our convenience we can still define p by pretending as if N were a function of time 
and spatial coordinates. With p defined in this way, the quantity Q measures the amount of deviation 
from what we would expect in theories with 4-dimensional spacetime diffeomorphism. 
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This shows that the matter sector decouples from the gravity sector and that the evolution 
of the local FRW universe is dominated by the "dark matter as integration constant" in the 
limit A — 7- oo. 

However, from the cosmological viewpoint, we need to specify what we exactly mean 
by the limit A — )■ oo. Supposing that A = +00 is a UV fixed point of the RG flow, the 
second term in the r.h.s. of ( 125|) is indeed suppressed by 1/A in the early universe. A similar 
suppression of coupling to the matter sector can be observed for the integral term in fl26l) . 
However, the increase in A going earlier in time does not necessarily imply that the matter 
sector is decoupled from gravity since p (and Q) also becomes large in the early universe. 
In order to obtain the decoupled equation what we really have to ensure is that 

^ P"Am" ^ Co 



p pa^ 



> 1. (29) 



Assuming logarithmic running of the coupling A ~ \og{H/M) for H ^ M, if the fluid energy 
redshifts faster than a~^, the fluid generically dominates the expansion in the asymptotic 
past. On the other hand, even if the fluid dominates the expansion early on, the "dark 
matter" energy can in principle catch up later and become the dominant source while the 
theory is still in the UV regime. In this case, even though the earlier evolution exhibits a 
coupled behavior, the modes that are deep inside the horizon at the time of transition will 
not carry any memory of this early behavior. We will focus on scales for which at the time 
of (sound) horizon crossing the UV behavior A ^ 1 is still valid and the fluid contribution 
to the expansion is suppressed relative to the "dark matter" as in ( l29l) . Any lengths beyond 
this scale are assumed to be well beyond the current observable universe. 

As an alternative case, we can also consider a situation in which the fluid is pressure-less. 
In this case, the ratio A P"dm" / P grows logarithmically in the UV direction, and the matter 
indeed decouples from geometry in the asymptotic past 



^ For time scales in which the logarithmic running of A is not appreciable, there is no distinction between 
this pressure-less fluid and the "dark matter as integration constant" at the background level, since both 
have the same equation of state. On the other hand, at the level of perturbations, they are distinct even 
without taking into account the running of A since the rest frame of the "dark matter" (but not that of 

freedom are associated with this foliation 9 . 
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IV. PERTURBATION 



In this section, motivated by the decouphng between gravity and matter in the hmit 
A — > oo observed in the previous section, we study a pure gravity system and analyze 
the evolution of perturbations around the FRW background driven by the "dark matter 
as integration constant". (In Appendix [Aj in order to justify this treatment we consider 
a scalar field in HL gravity and show that gravity and matter are decoupled in the limit 
A — i- oo for linear perturbations.) We investigate the UV regime with the dynamical critical 
exponent z = 3 and show that the amplitude of quantum fluctuations remains finite and 
that the system is well behaved in the A — )■ oo limit. 

One of the most important properties of HL gravity is the anisotropic scaling ([T]) with 
z > 3 since the power-counting renormalizability stems from it. Intriguingly, with the 
minimal value z = 3, this scaling can lead to a mechanism to generate scale-invariant 
cosmological perturbations even without inflation |lO|. Let us briefly review this mechanism 
before going into the detailed analysis of perturbations. 

With 2; = 3, we would like to know the condition for generation of super- horizon cos- 
mological perturbations. Generation of super-horizon cosmological perturbation is nothing 
but oscillation followed by freeze-out. Each mode oscillates for u"^ ^ and freezes out for 
u"^ ^ H^, where u is the frequency of a mode of interest and H = a/a is the Hubble expan- 
sion rate. Thus, the condition for generation of cosmological perturbations is dt{H'^ /uj"^) > 0. 
With the dispersion relation ~ (P' / a^)'^ / M'^ expected from the z = 3 scaling, where k 
is the comoving momentum and M is a characteristic mass scale, this condition is reduced 
to df{a^) > for an expanding universe. This condition can be satisfied by, for example, 
a power-law expansion a oc with p > 1/3, and does not require accelerated expansion 
{p > 1), i.e. inflation. 

For concreteness, let us consider a scalar field (p with a canonical time kinetic term. The 
anisotropic scaling ([T]) implies that should scale as 

0->r^0, s = ^. (30) 

From this, it is expected that the amplitude of quantum fluctuations in a FRW background 
should be 

3-z 



^ X ( M ) ' (31) 



where M is a characteristic mass scale in the action for 0, e.g. the scale suppressing higher 
spatial derivative terms. This reproduces the well-known result 6(f) ^ H for Lorentz invariant 
theories {z = 1) and S(f) ~ (M^HY^^ for ghost inflation (z = 2). For HL gravity with 
2; = 3, we have a Hubble- independent result, 6(j) ~ M. Thus the amplitude of quantum 
fluctuations is expected to be scale-invariant in HL gravity with z = 3. This also applies to 
both tensor graviton and scalar graviton. 

While 50 ~ M is generically expected for the HL gravity with numerical 
coefficient in front of M in the right hand side may depend on A. It is not a priori clear 
whether this numerical coefficient remains finite or diverges when the A — ?■ 00 limit is taken. 
In the following, we shall explicitly show that the amplitudes for tensor and scalar gravitons 
indeed remain finite in this limit. 

We shall also investigate nonlinear interactions among tensor and scalar gravitons and 
show that the system remains weakly coupled in the UV with A — 00, provided that 

- ci > Mpi^ -(3ci + 8C2) > M-\ (32) 

Since ci, C2 and M|[ are subject to running under the RG fiow, this should be considered as 
a nontrivial condition on properties of the RG fiow in the UV. 



A. Tensor Modes 

We now consider a pure gravity system and analyze tensor perturbations around the 
FRW background driven by the "dark matter as integration constant". Let us consider 
metric perturbations of the form 



6N = 0, 6Ni = 0, 6gij = a'^hij , 



(33) 



where hij is a transverse and traceless 3d tensor. The part of the gravitational action ( !T0|) 
containing the terms quadratic in tensor degrees can be obtained as 



PI 



hijhki + hij Ot hki 



In the above action, the spatial derivatives are contained in the operator 



(34) 



0, = ^A 
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A' 



(35) 



where A = S^^didj and Mt is some characteristic energy scale defined through 

We remind the reader that in Eq. (135 p , the coefficient for the hnear A /a^ term has aheady 
been fixed by a choice of unit (see discussion after ((71) ). Furthermore, we constrain the sign 
of the A^ term so that the evolution of the mode is stable in the UV at the asymptotic past 
and a vacuum state can be unambiguously defined. Finally, we do not restrict the sign of 
Kt, but assume it is of order 1 in the following just for simplicity. 

We now proceed with the quantization of the tensor mode by first expanding the tensor 
degrees in Fourier space as 

h,,{t, x) = Yl I d'ke^'-'e0) kit, k) , (37) 

where e^- are the transverse-traceless polarization tensors and a can take values 1 or 2. It is 
convenient to introduce a new time parameterization as 

dy = Utdt , (38) 

where Ut is the frequency of the form 

This brings the kinetic part of the action fj34|) to 

h^^Yjdyd'ka'uj.hi'K, (40) 

where prime denotes differentiation with respect to the new time y. Expanding the operator 
h m a. creation/annihilation operator basis as 

K{k) = K{k) d,{k) + K{k) dl{-k) , (41) 

we introduce the mode functions that give rise to a canonically normalized kinetic action 

K.'Jn^,^, (42) 



obeying the equation of motion 



■ 1 3 Qt 



K = 0. (43) 
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Noting that the frequency decreases as a ^ in the UV and the pure gravity background 
satisfies fl27|) . the above equation becomes simply 

K + h. = 0. (44) 

Fixing their amphtude from the kinetic part of the action and requiring that the correspond- 



ing state should minimize the quadratic Hamiltonian of the system 10||, the mode functions 
of the tensor field can be written as 

= ^ e--~^5^e-- (45) 

v^Mpi a3/2 - A;3/2 Mpi ' ^ ^ 

Through the two-point function, we define the tensor power spectrum Pt as 

{h^t, k fhlit, k'))^'^ S^'\k - k')P, . (46) 

a 

The power spectrum of the modes both sub and super horizon in the UV epoch turns out 
to be both scale invariant and time independent 



B. Scalar Modes 



In this subsection, we discuss the evolution of scalar perturbations. The metric tensor 
has three local (i.e. space-dependent) and one global (i.e. space- independent) scalar degrees 
of freedom 

bN = A, SN, = d,B , 5gij = [2 5,, C + d,dM > (48) 
where A = A{t) depends only on time in accordance with the projectability condition 
discussed in SecHIl We fix the two scalar gauge degrees of freedom by setting A = hi = 0. 
In this convenient gauge, the momentum constraint f|T3l) reads l 



^ Although up to this point, we did not make any assumption on the details of the background evolution or 
the value of the constant A, the linear equations in this section do not cover the case A = 1 due to infinities 
arising in some of the relations, e.g. Ea. (Hni) . However, the existence of such issues does not necessarily 
imply that the theory is not continuously connected to A = 1 limit, but it is merely a manifestation 
that the perturbative expansion breaks down. The concrete study of the continuity requires a nonlinear 
analysis and is beyond the scope of the present paper. See the discussion in Sec|V]for further comments 
on this issue. 
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while the equations of motion (fTOj) leads to 

( + 3H(~OsC = 0, (50) 

where we defined the operator 

Os^:^(-^A--^A^ + -^aA , (51) 



3A-1 V a2 a^M? Mf 

with 

1 _ „ 3 ci + 8 C2 _ ^ 3 Ce + 8 C7 



Mil ' M2 Mpi 



Proceeding as in previous subsection, we expand the scalar degrees in Fourier space, for 
which Eq. (l50!) becomes 

't + 3Ht + coU = 0, (53) 
and the frequency of the scalar graviton perturbation is defined as 



s s 

,2 



The form of the scalar mode frequency implies that at early times, is dominated by the 
(positive) term proportional to and modes are in an oscillatory regime, much like the 
tensor modes discussed in the previous subsection. On the other hand, the frequency at 
late times may become dominated by the (negative) k"^ term, creating a ground for a linear 
instability However, this happens after the Hubble friction takes over, so the time scale of 
this instability is not short enough to have an effect on the evolution. See Eq.Q for the 
more general condition under which the long-distance instability does not show up. 

We now proceed with the quantization of the scalar graviton degree. Under time param- 
eterization dy = Ugdt, the kinetic part of the scalar action reduces to 

^ Ml, (^^) / dyd'ka'usC^'C . (55) 
The mode function for the canonical field can then be defined through 



C = v^\/^^a^/'MpiC, (56) 



with equation of motion 



1 + ^ 



3 cJs iijs 



C = . (57) 
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The time dependence of the frequency is quahtatively the same as that of the tensor 
modes. In the UV regime, where one can approximate Ug — —3Hus, one obtains a simple 
equation for the mode functions 

C" + C = 0. (58) 

The canonical scalar modes evolve qualitatively the same as the tensor modes in f l44p . By 
going from the canonical mode to the physical one, the solution for the scalar mode function 
can be written as 



C = I J^^e-- ^ ^e-- (59) 

^ 2Mpia3/2y^ V 3A-1 " 2 X 31/4 A;3/2 Mpi ' ^ ^ 



resulting in a scale invariant scalar spectrum 



.,0 1 / M, ^ ^ 



The tensor-to-scalar ratio for the primordial perturbations thus depends on the ratio of 
the two energy scales Mf and Mg through, 

§-BV3(#r. (61) 



Ps VM, 



C. Cubic Terms 

In this subsection we consider nonlinear perturbations around the FRW background 
driven by the "dark matter as integration constant" . We adopt the following metric ansatz. 

iV = l, N, = diB + ni, ^,, = aV^(e'^)^^., (62) 

where rii is transverse and hij is transverse traceless: d'^rii = 0, d^hij = and h\ = 0. 
Throughout this subsection, indices are raised and lowered by 6^^ and 6ij. We consider (, 
B, rii and as 0(e) and perform perturbative expansion with respect to e. 

In order to calculate the action up to cubic order, it suffices to solve the momentum 
constraint up to the first order. The momentum constraint at the first order is 

1 



leading to 



{3X~l)a'C-{X-l)d'B +-5V = 0, (63) 



Q\ _ 1 A 
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where d'^ = d'^di. 

It is somewhat cumbersome but straightforward to calculate the kinetic action up to the 
third order. The result is 



M 



' kin 



PI 



Mil I dtd^xa^ 



|(3A - l)H' + ^(3A - l)(2if + m')C (l + + ^C^ 

+ (1 + 30 ( a'^Cd^B + Ih'^hij] + l-a-Xd'{d^Bd^B + 3d^BdidjB) 

8 / 2 



+ ^{a-^d''h'^dkB - 3h'X)a~^didjB - ^a~^h''dkhijd^B 



+ 0(e'). 



(65) 



The first term does not depend on the perturbation and the second term, which is propor- 
tional to 2H + 3H'^, vanishes because of the background equation of motion (l27j) . Thus what 

(2) (3) 

we are interested in are the quadratic part Ij^-^ and the cubic part I^^^, where 



^.^ _ , dtd'xa'' ( a-Xd'B + -K'h 



4!i = Mil I dtd'xa' 



3C a~Xd'B + -h'^h 



^a^Xd'idiBd^B + Sd^BdidjB) 



+ ]^{a-^d^h'^dkB - 3h'X)a'^didjB - ^a-^h'^dkhijd''B 



(66) 



When B is eliminated by using (!64|) . one can easily see that each term in ij^l^ is marginal, 
i.e. has vanishing scaling dimension under the scaling ([T]), and that each coefficient remains 
of 0(1) (multiplied by the overall factor MpJ in the limit A — > oo. 

As we have already calculated power spectra in the previous subsections, we know that 
the amplitudes of quantum fluctuations are 



{hij hki) 



Mt 
M, 



PI 



, (CO 



M. 



PI 



(67) 



Thus, ll-l is smaller than R-l and the perturbative expansion makes perfect sense if 



M^^Mli, M^<t:Mli 



(68) 



in the UV with A — ?■ oo. The same conclusion holds for all other terms in the action ([7]) 
since all terms which are not included in are independent of A and are either marginal 
or relevant. The condition (l68l) is equivalent to ( |32|) and should be considered as a nontrivial 
condition on properties of the RG flow in the vicinity of A = +oo in the UV. 
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V. SUMMARY AND DISCUSSION 



In this paper, we have studied the dynamics of the projectable Horava-Lifshitz (HL) 
gravity with the z = 3 scahng in the ultraviolet (UV), focusing on the limit A — ?■ oo. This 
limit for the parameter A is a natural candidate for the UV fixed point of the renormalization 
group (RG) flow, if one forbids a ghost degree of freedom (appearing in the regime 1/3 < 
A < 1) and hopes that general relativity (GR) (having A = 1) be recovered at low energy. 
Contrary to naive expectations, the system is well behaved in the limit A — ?■ oo. Indeed, 
the dynamics can be even simpler due to the 1/A suppression of the coupling between the 
gravity and matter sectors. We have analyzed tensor and scalar gravitons in the FRW 
universe driven by "dark matter as integration constant" , and shown that the amplitudes of 
quantum fluctuations remain flnite. The theory in the UV with A — t- oo is weakly coupled, 
provided that the condition (1521) is satisfled. 

While we have argued that the theory behaves well in the UV with the A — ?■ oo limit, 
cosmological implication of the result has not been explored yet. This is because of the lack 
of our understanding of the low energy dynamics with the A — ?■ 1 + limit. This limit is the 
candidate for an infrared flxed point of the RG flow since GR has the value A = 1. 

It is known that in the limit A — ?■ 1 + 0, the scalar graviton gets strongly coupled. 
Strong coupling itself does not imply loss of predictability since all coefficients of infinite 
number of terms in the perturbative expansion can be written in terms of finite number 
of parameters in the action if the theory is renormalizable. However, the strong coupling 
implies breakdown of the perturbative expansion in the scalar graviton sector and, thus, we 
need nonperturbative analysis. For spherically-symmetric, static, vacuum configurations, 
it was shown by nonperturbative analysis that the limit A — )■ 1 + is indeed continuous 
and recovers GR This result may be considered as an analogue of Vainshtein effect and 
suggests the possibility that the scalar graviton may safely be decoupled from the rest of 
the world, i.e. the tensor graviton and the matter sector, in the limit A — )■ 1 + 0. A similar 
work for super-horizon nonlinear cosmological perturbations in universes driven by "dark 
matter as integration constant" is in progress [l2|. Nonetheless, it is fair to say that our 
understanding of the fate of the scalar graviton in the limit A — )■ 1 + is far from complete. 

For this reason, we have not conducted a full analysis of cosmological implication (e.g. 
on the CMB spectrum) of the result of this paper. 
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Fortunately, the simple scenario in [10| does not suffer from the lack of our understanding 
of the A — > 1 + limit. For example, one can reliably calculate non-Gaussianities in cosmo- 
logical perturbations 13[. A scalar field responsible for (almost) scale- invariant cosmological 
perturbations acts as a curvaton: it is sub-dominant at the time of sound horizon exit, later 
becomes dominant and finally reheats the universe. The only property of HL gravity needed 
for this mechanism is the anisotropic scalin g w ith z = 3. (Thus, this mechanism should 
work also in other versions of HL gravity jsl. Ilj].) When energy density of this scalar field 
is sub-dominant in the early epoch, it is expected that the only important effect of gravity 
to the dynamics of the scalar field is to provide an expanding background. Therefore, if A 
runs towards 1 and GR is recovered during the epoch when the scalar field is sub-dominant, 
then the prediction of this scenario does not depend on details of the behavior of the scalar 
graviton in the limit A — t- 1-1-0. 

n 

An open issue regarding the scenario in \IQ\ is to find a mechanism for Lorentz invariance 
restoration in the matter sector at low energies. Actually, this issue is shared by HL gravity 
itself: even if one omits Lorentz violating terms in the matter sector, these terms will be 
generated by radiative corrections from graviton loops. These terms may be under control 
provided that M <^ Mpi, where M is the scale at which the anisotropic scaling becomes 



important 15[. Another approach to this problem is to enforce a universal Lorentz breaking 



at all sectors at high energies, while supersymmetrizin g th e standard model ensures the 



restoration of the Lorentz symmetry at low energies 
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Appendix A: Example with scalar field 



In Sec. mil we have seen that couphng between gravity and matter sectors is suppressed 
by 1/A and that these sectors decouple in the limit A — )■ oo. Motivated by this, in Sec. II VI we 
have studied a pure gravity system and analyzed the evolution of perturbations around the 
FRW background driven by the "dark matter as integration constant" . In this appendix, in 
order to justify this treatment, we consider a simple system of a scalar field in HL gravity 
and show that gravity and matter are indeed decoupled in the limit A — )■ oo for linear 
perturbations. 

We consider a single Lifshitz scalar field with the dynamical critical exponent 2 = 3, in 
accordance with the gravity sector. The dynamics of the field is described by the action 

^ {dt^-N'd,^Y + ^0^^-2V , (Al) 



dt d X N y/g 



Ar2 



where the operator containing the gradients is defined as 



0.= 



{D.Dr-i^{D.Dr + clD^D\ 



(A2) 



After decomposing the field into zero mode and perturbations as = + S(j), we vary the 
background action with respect to the scale factor and the field, to obtain the equations of 
motion 



3A- 1 



2H + 3H' 



1 



Ml, 



- V 



+ ?>Hd) + V' = 



(A3) 



where the second (Klein-Gordon) equation is a special case of the energy-nonconservation 
equation f l24p . with Q{t) = 0. This extra information comes from specifying a field source 
for the perfect fluid description. 

For perturbations, we calculate the quadratic action and expand modes in Fourier space, 
through 



1 



d'ke'''-''S{t, k) 



(A4) 



where 5 represents any scalar degree. The momentum constraint gives a relation for the 
nondynamical degree of freedom B, 

,2 



B 



a 



3A 



A- 1 



(A 



(A5) 
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After eliminating B by using this relation, the resulting action turns out to be a coupled 
system involving 50 and (. In order to analyze the system, we perform the following field 
redefinition 

to obtain the canonically normalized action 

/ = 1 j dt£k (^^^tp + tP^XtP - tP^XtP - ij^n^^ , (A7) 
where X = —X^ and VL^ = [Q'^)^ are both real matrices, with elements 

Xn = X22 = 0, X12 = , (A8) 

v/2 (3A-l)(A-l)Mpi' ^ ^ 

(r.2^ I I 3y (9A - 1) :2 , ... 

^ ^11 M^ae^M^a^^ a2 2M2^(3A-1) 4M2j(A - 1)(3A - 1)^ ' 

^ ^22 3 ^ _ 1 1^ jvf4a6 ^ ]vf2a4 a^y/ 2 (3 A - 1) 1^ 2 

(^')i9 = = . (A9) 

^ v/2 (3A-l)(A-l)Mpi 

(For a general formalism to quantize coupled bosons, see e.g. [iS].) For the action (lA7p . the 
couplings between the two degrees of freedom are suppressed by 1/A, and an initial adiabatic 
vacuum state can be defined unambiguously at early times 

In other words, at leading order in 1/A expansion, the gravity sector {() is once again, 
decoupled from the matter sector {6(f)). In the UV regime with A — t- 00, the solutions for 
both physical mode functions have constant amplitudes 

^ ^k^l"^ ' ^ 2x3V4A;3/2Mpi ■ ^ ^ 
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